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MATHEMATICS 
ON THE NUMBER OF PAIRS OF INTEGERS WITH LEAST 
COMMON MULTIPLE NOT EXCEEDING x 
BY 
H. JAGER 
(Communicated by Prof. J. PoPKEN at the meeting of March 31, 1962) 
In this note we shall derive an asymptotic expression for ()(x), the 
number of ordered pairs of positive integers a and b with least common 
multiple less than or equal to x, namely 
1 1 I 1+ ( 1) ()(x) = 2 C(2) x og2 x + c1x log x + c2 x + O(x' e) as x---+ oo, 
where c1 and c2 are certain constants which are given below. 
The proof is based on a theorem of H. E. RICHERT, [2], or [3] Satz 3, 
which from properties of the analytic function Z(s) represented in a 
co 
certain half-plane by a Dirichlet-series L ann-8 , derives an estimation 
n~l 
for L an. Further, some classical results on Riemann's function C(s) 
n~x 
will be used. 
An elementary proof of (1), with a somewhat weaker restterm however, 
will be published elsewhere. 
In the following the least common multiple of two positive integers 
a and b will be denoted by [a, b]. The canonical prime-factorization of 
r 
an integer n > 1 is always assumed to be n = II pcxQ. 
g~l 
Let r(n) denote the number of divisors of n, i.e. 
r(n) = L 1, 
dd/=n 
the sum being extended over all ordered pairs of positive integers d and 
d' with dd' =n. Then, as is well known, we have 
(2) 
\ r(1) = l r 
? r(n) = Q"Q (cXQ+ 1), n> l. 
We now introduce the arithmetical function t, defined by 
t(n)= L l, 
[d.d'J~n 
where the sum is taken over all ordered pairs of positive integers d and d' 
with [d, d']=n. 
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Lemma. 
Proof. One easily verifies that the function tis multiplicative; now 
t(p"') = 21X + 1, since p" permits just the 21X + 1 representations 
[1, p"], [p"', 1], [p, p"], [p"', p], ... , [p"-1, p"], [p", p"-1], [p", p"]. 
Therefore: 
t( 1) = 1 
r 
t(n) =IT (21Xe+ 1), n> l. 
e~1 
Comparing this with (2), we see that 
(3) t(n) =r(n2) 
and the lemma follows from the known formula 
(4) oo '3(8) I r(n2) n-s = --, Re 8 > l. n~1 ,(28) 
Compare e.g. [4], formula (1, 2, 9), page 5. 
Remark. Formula (3) has already been found by CESARO, [1], 
page 244. Moreover, Cesaro proved 
(5) t(n) = I r*(d), 
din 
where r* is the arithmetical function defined by 
r*(n) = I l. 
dd'=n 
(d,d')~1 
Here the sum is extended over all the ordered pairs of co-prime positive 
integers d and d' with dd' = n. 
As is well known one has 
r*(1) = 1 
r*(n)=2r, n> 1 1) 
and again the lemma follows, now from (5) and a result which is probably 
more familiar than (4), namely 
~ 2rn-s = ' 2(8 ) Re 8> 1, n~1 ,(28)' 
see e.g. [4], formula (1, 2, 8), page 5. 
1 ) We remind the reader that r denotes the number of different prime-factors of n. 
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Theorem. Let O(x) denote the number of ordered pairs of positive 
integers a and b with [a, b]..;;;;x, then 
1 1 
O(x) = 2 C(2) x log2 x + c1x log x + c2x + O(xH•) as x __,.. oo, 
for any positive number e. Here 
1 ( 2C'(2)) 
Cl = C(2) 3y-1- C(2) ' 
__ 1_ ( 3 2_ 3 3 1 _ 6yC'(2)+2C"(2)-2C'{2) 4(C'(2))2) 
c2- C(2) y y + c+ C(2) + C2(2) ' 
where the constants y and care defined by the Laurent-expansion of C(8) 
in the neighbourhood of 8 = 1 in the following way 
1 C(8) = - 1 + y+c(8-1)+ .... 8-
(Clearly, y stands for Euler's constant.) 
For the proof we begin by quoting the theorem of Richert: 
Let Z(8) denote an analytic function represented in a certain half-
00 
plane a>ao by the Dirichlet-series ! ann-s, absolutely convergent for 
n~l 
a>f3; let H be a real number, -oo..;;;;H <{3, such that 
a) for a>H the function Z(8) has at most a finite number of poles 
(that is, there exists a To such that for a>H, t;:;;.To, the function 
Z(8) has no poles), 
and such that 
b) for a>H the function Z(8) is of finite order. 
Then, for any 'fJ > H one has 
(6) ! an- ! residu { xs Z(8)} = O(x"l+l",<fJ.Z>+•) as x __,.. oo, 
n.;;a: f).;;a.;;{J 8 
for every e > 0. As usual fli('fJ, Z) denotes Carlson's function of the first 
order; i.e. 
fli('fJ,Z)=inf g for all g with 
1 T T JT IZ(n+it) jdt=O(T;) as T __,.. oo. 
\t\;;;>T0 
Now O(x) = ! t(n). 
n<m 
We apply the above theorem by putting 
oo - C3(8) 
an=t(n),Z(8)= n~l t(n)n 8 = C(28)' a>l. 
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If we take H = t then the conditions mentioned above are certainly 
satisfied, since firstly C3(8)/C(28) has only a finite number of poles for a> t, 
and since secondly C3(8)/C(28) is of finite order for a>t: Indeed, C(8) is of 
finite order in any half-plane a:>ao ([4], page 81), and 
C(~8 ) = 0(1) as t--'>-oo, a>t since 
(7) lc(~8)1 < ~i!:~, a>t, [4], formula (8, 7, 1). 
Finally, we take rJ = t + s, 0 < s < t. 
In the strip t+s<a< 1 the function ca(8)/C(28) has only one pole, namely 
a pole of order 3 for 8 = 1. Starting from the Laurent-expansion 
C(8) = ~1 +y+c(8-1)+ ... 8-
one finds after some calculation for the residu of x8 j8 C3(8)/C(28): 
t ,t2) X log2 X +c1X log X+ c2 x, 
where c1 and c2 are given above. Hence by (6) 
O(x) = t ct2) X log2 X+ C!X log X+ C2X + O(xHI'l(He. (C'(s)/C(2s))l+e) as X--'>- 00, 
Clearly, the assertion of our theorem is true if we can show 
(8) 
Now 
T ll'3(l.+s+it) I T S c"'( 1 2 2 2 .t) dt < o S IC3{t+s+it)l dt 
-T + s+ ~ -T 
in view of (7). Further, by the Cauchy-Schwarz inequality 
T T T 
S IC3(t+s+it)jdt<{ S IC4(t+s+it)jdt}1 { S IC2(t+s+it)jdt}~. 
-T -T -T 
2' T 
But f IC4(i+s+it)jdt and f IC2(i+s+it)jdt are both O(T) as T--'>- oo. 
-T -T 
This follows from 
and 
lim ~ J IC2(a+it)j dt = C(2a), a>t, 
T-->-00 1 
l . _1 TS jl-4( . )I d - C4(2a) 1 T~~ T 1 " a+~t t- C(4a)' a> 2 
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(compare [4], theorem 7, 2 and theorem 7, 5). Hence 
~ s I cs{i+e+i~) I dt = 0(1) as T--+ =, 
T -T ((l + 2e + 2~t) 
m other words, the inequality (8) holds and the theorem follows. 
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